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Abstract
It is shown that in static and spherically symmetric configurations of the system
of Maxwell field coupled to 3D gravity with torsion, at least one of the Maxwell field
components has to vanish. Restricting our attention to the electric sector of the theory,
we find an interesting exact solution, corresponding to the azimuthal electric field. Its
geometric structure is to a large extent influenced by the values of two different central
charges, associated to the asymptotic AdS structure of spacetime.
1 Introduction
Three-dimensional (3D) general relativity (GR) has been used for nearly three decades as a
theoretical laboratory for exploring basic features of the gravitational dynamics [1]. Among
a number of outstanding results in this field, the discovery of the Ban˜ados, Teitelboim and
Zanelli (BTZ) black hole [2] was of particular importance, as it resulted in a significant
influence on our understanding of the geometric and quantum structure of gravity.
In the early 1990s, Mielke and Baekler proposed a new geometric framework for 3D
gravity, in which Riemannian geometry of spacetime was replaced by the more general,
Riemann-Cartan geometry [3]. In this approach, the gravitational dynamics is characterized
by both the torsion and the curvature [4, 5]. Recent developments along these lines reveal
a respectable dynamical content of 3D gravity with torsion, characterized, in particular,
by the existence of the conformal asymptotic structure with two different central charges,
the BTZ black hole with torsion, the Chern-Simons formulation and the supersymmetric
extension [6, 7, 8, 9].
The first electrically charged solution in Riemannian 3D gravity was found in [2]. Later
studies of the problem led to a rather comprehensive analysis of the Einstein-Maxwell dy-
namics [10, 11, 12, 13, 14]. The purpose of the present paper is to start similar investigations
in 3D gravity with torsion, with a focus on the electric sector of the theory.
The layout of the paper is as follows. In section 2, we derive the general field equations
of the system of Maxwell field coupled to 3D gravity with torsion. In section 3, we use
these equations to prove a specific no-go theorem, saying that in static and spherically
symmetric field configurations, at least one component of the Maxwell field has to vanish.
In section 4, we restrict our attention to the electric sector of the theory and show that,
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in contrast to Riemannian theory, dynamically allowed configurations with a radial electric
field are trivial, as the radial field has to be constant. In section 5, we find an interesting
solution generated by the azimuthal electric field, a generalization of the solution found by
Cataldo [14] in Riemannian GR with a cosmological constant. The solution is shown to
have vanishing conserved charges (energy, angular momentum and electric charge), while
its geometric structure is determined by the central charges, associated to the asymptotic
AdS sector of spacetime. Finally, appendices contain some technical material.
Our conventions are given by the following rules: the Latin indices (i, j, k, ...) refer to
the local Lorentz frame, the Greek indices (µ, ν, λ, ...) refer to the coordinate frame, and
both run over 0,1,2; the metric components in the local Lorentz frame are ηij = (+,−,−);
totally antisymmetric tensor εijk and the related tensor density εµνρ are both normalized so
that ε012 = 1.
2 Maxwell field in 3D gravity with torsion
Theory of gravity with torsion can be naturally described as a Poincare´ gauge theory (PGT),
with an underlying spacetime structure corresponding to Riemann-Cartan geometry [4, 5].
Basic gravitational variables in PGT are the triad field bi and the Lorentz connection
Aij = −Aji (1-forms). The corresponding field strengths are the torsion and the curvature:
T i := dbi+Aim∧b
m, Rij := dAij+Aim∧A
mj (2-forms). In 3D, we can simplify the notation
by introducing Aij =: −εijkω
k and Rij =: −εijkR
k, which yields:
T i = dbi + εijkω
j ∧ bk , Ri = dωi +
1
2
εijkω
j ∧ ωk . (2.1)
The covariant derivative ∇(ω) acts on a general tangent-frame spinor/tensor in accor-
dance with its spinorial/tensorial structure; when X is a form, ∇X := ∇∧X .
PGT is characterized by a useful identity:
ωi ≡ ω˜i +Ki , (2.2a)
where ω˜i is the Levi-Civita (Riemannian) connection, and Ki is the contortion 1-form,
defined implicitly by
T i =: εimnK
m ∧ bn . (2.2b)
Using this identity, one can express the curvature Ri = Ri(ω) in terms of its Riemannian
piece R˜i = Ri(ω˜) and the contortion Ki:
2Ri ≡ 2R˜i + 2∇˜Ki + εimnK
m ∧Kn . (2.2c)
The antisymmetry of the Lorentz connection Aij implies that the geometric structure
of PGT corresponds to Riemann-Cartan geometry, in which bi is an orthonormal coframe,
g := ηijb
i ⊗ bj is the metric of spacetime, and ωi is the Cartan connection.
In local coordinates xµ, we can write bi = biµdx
µ, the frame dual to bi reads hi = hi
µ∂µ
and satisfies the property hi ⌋ b
j = hi
µbjµ = δ
j
i , where ⌋ is the interior product. In what
follows, we will omit the wedge product sign ∧ for simplicity.
2
Lagrangian and the field equations
General gravitational dynamics in Riemann-Cartan spacetime is determined by Lagrangians
which are at most quadratic in field strengths. Omitting the quadratic terms, we arrive at
the topological Mielke-Baekler (MB) model for 3D gravity [3]:
L0 = 2ab
iRi −
Λ
3
εijkb
ibjbk + α3LCS(ω) + α4b
iTi . (2.3a)
Here, a = 1/16πG and LCS(ω) is the Chern-Simons Lagrangian for the Lorentz connection,
LCS(ω) = ω
idωi +
1
3
εijkω
iωjωk. The MB model is a natural generalization of GR with a
cosmological constant (GRΛ).
The complete dynamics includes also the contribution of matter fields, minimally coupled
to gravity. We focus our attention to the case when matter is represented by the Maxwell
field:
L = L0 + LM , LM := −
1
4
F ∗F , (2.3b)
where F = dA.
By varying L with respect to bi and ωi, one obtains the gravitational field equations:
2aRi + 2α4Ti − Λεijkb
jbk = Θi ,
2α3Ri + 2aTi + α4εijkb
jbk = Σi , (2.4)
where Θi := −δLM/δb
i and Σi := −δLM/δω
i are the energy-momentum and spin currents
(2-forms) of matter. The Maxwell field currents are given by
Θi =
1
2
[F (hi ⌋
∗F )− (hi ⌋F )
∗F ] , Σi = 0 .
In the nondegenerate sector with ∆ := α3α4 − a
2 6= 0, these equations can be rewritten as
2Ti − pεijkb
jbk = uΘi , (2.5a)
2Ri − qεijkb
jbk = −vΘi , (2.5b)
where
p :=
α3Λ+ α4a
∆
, q := −
(α4)
2 + aΛ
∆
,
u :=
α3
∆
, v :=
a
∆
.
Introducing the energy-momentum tensor of matter by T ki :=
∗(bkΘi), the matter cur-
rent Θi can be expressed as follows:
Θi =
1
2
(
T kiεkmn
)
bmbn = εimnt
mbn , (2.6a)
tm := −
(
T mk −
1
2
δmk T
)
bk , (2.6b)
where T = T kk. The Maxwell energy-momentum tensor reads:
T ki = −F
kmFim +
1
4
δki F
2 , (2.6c)
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with F 2 = FmnFmn,
These results can be used to simplify the field equations (2.5). Indeed, if we substitute
the above Θi into (2.5a) and compare the result with (2.2b), we find the following form of
the contortion:
Km =
1
2
(pbm + utm) . (2.7a)
After that, we can rewrite the second field equation (2.5b) as
2Ri = qεimnb
mbn − vεimnt
mbn , (2.7b)
where the Cartan curvature Ri is calculated using the identity (2.2c):
2Ri = 2R˜i + u∇˜ti + εimn
(
p2
4
bmbn +
up
2
tmbn +
u2
4
tmtn
)
. (2.7c)
In this form of the gravitational field equations, the role of the Maxwell field as a source of
gravity is clearly described by the 1-form ti.
The Maxwell field equations take the standard form:
d∗F = 0 . (2.8)
These equations, together with a suitable set of boundary conditions, define the complete
dynamics of both the gravitational and the Maxwell field.
3 A no-go theorem
In order to explore basic dynamical features of the system of Maxwell field coupled to 3D
gravity with torsion, we begin by looking at static and spherically symmetric field configura-
tions. Using the Schwarzschild-like coordinates xµ = (t, r, ϕ), we make the following ansatz
for the triad field,
b0 = Ndt , b1 = B−1dr , b2 = Kdϕ , (3.1)
and for the Maxwell field:
F = Erb
0b1 −Hb1b2 + Eϕb
2b0 . (3.2)
Here, N,B,K and Er, H, Eϕ are the unknown functions of the radial coordinate r.
The Maxwell equations (2.8) read:
E ′rB + γEr = 0 , H
′B + αH = 0 , Eϕ = Eϕ(r) , (3.3a)
where α, γ are components of the Riemannian connection, defined in Appendix A, and Eϕ
remains an arbitrary function of r. The corresponding first integrals are
ErK = Q1 , HN = Q3 , (3.3b)
where Q1 and Q3 are constants.
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Next, we calculate the energy-momentum tensor
T ij =
1
2

 E
2
r + E
2
ϕ +H
2 2EϕH 2ErH
−2EϕH E
2
r − E
2
ϕ −H
2 −2ErEϕ
−2ErH −2ErEϕ −E
2
r + E
2
ϕ −H
2

 , (3.4)
and find the expression for ti:
t0 = −
(
T
2
+H2
)
b0 − EϕHb
1 −ErHb
2 ,
t1 = EϕHb
0 −
(
T
2
−E2ϕ
)
b1 + ErEϕb
2 ,
t2 = ErHb
0 + ErEϕb
1 −
(
T
2
− E2r
)
b2 , (3.5)
where T = T kk =
1
2
(
E2r + E
2
ϕ −H
2
)
.
Technical details leading to the explicit form of the gravitational field equations (2.7b)
are summarized in appendix A. All the components of these equations can be conveniently
divided in two sets: those with (i,m, n) = (0, 1, 2), (2, 0, 1), (1, 2, 0) are called diagonal, all
the others are nondiagonal. Introducing
V := v + up/2
to simplify the notation, the nondiagonal equations read:
V ErH −
u2
4
ErHT = u
(
−
1
2
γE2r +
1
2
EϕE
′
ϕB + αE
2
ϕ −
1
2
αH2
)
, (3.6a)
V EϕH −
u2
4
EϕHT = −uErEϕα , (3.6b)
V ErEϕ −
u2
4
ErEϕT = uH(E
′
ϕB + αEϕ) , (3.6c)
V EϕH −
u2
4
EϕHT = uEr(E
′
ϕB + γEϕ) , (3.6d)
V ErH −
u2
4
ErHT = −u
(
1
2
γE2r +
1
2
EϕE
′
ϕB + γE
2
ϕ +
1
2
αH2
)
, (3.6e)
V ErEϕ −
u2
4
ErEϕT = −uEϕHγ , (3.6f)
while the diagonal ones are:
−2(γ′B + γ2) = 2Λeff − V (T +H
2) +
u2
4
T
(
3
2
T +H2
)
− uErHα , (3.7a)
−2αγ = 2Λeff − V (T −E
2
ϕ) +
u2
4
T
(
3
2
T −E2ϕ
)
− uErH(γ − α) , (3.7b)
−2(α′B + α2) = 2Λeff − V (T − E
2
r ) +
u2
4
T
(
3
2
T − E2r
)
+ uErHγ , (3.7c)
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where Λeff := q − p
2/4. These equations are invariant under the duality mapping
α→ γ , γ → α ,
Er → iH , H → iEr , (3.8)
which defines a useful correspondence between different solutions. The duality mapping has
the same form as in GRΛ [14].
In the case u = 0, one immediately concludes that
ErEϕ = 0 , ErH = 0 , EϕH = 0 .
This is a specific no-go theorem, which holds in GRΛ [14]; it states that configurations with
two nonvanishing components of the Maxwell field are dynamically not allowed.
Let us now return to the general case with u 6= 0. Analyzing the above gravitational
field equations, one obtains the general no-go theorem (appendix B):
ErEϕH = 0 . (3.9)
In any static and spherically symmetric configuration, it is dynamically impossible to
have three nonvanishing components of the Maxwell field.
The theorem implies that at least one component of the Maxwell field has to vanish.
Motivated by this result, we now turn our attention to exploring static and spherically
symmetric solutions associated with an electric Maxwell field, specified by H = 0.
4 Dynamics in the electric sector
The electric sector of the Maxwell field is defined by
F = Erb
0b1 + Eϕb
2b0 .
The field equations are significantly simplified. The nondiagonal equations take the form
0 = −u
(
−
1
2
γE2r +
1
2
EϕE
′
ϕB + αE
2
ϕ
)
, (4.1a)
0 = uErEϕα , (4.1b)
V ErEϕ −
u2
4
ErEϕT = 0 , (4.1c)
0 = −uEr(E
′
ϕB + γEϕ) , (4.1d)
0 = u
(
1
2
γE2r +
1
2
EϕE
′
ϕB + γE
2
ϕ
)
, (4.1e)
while the diagonal ones are:
−2(γ′B + γ2) = 2Λeff − V T +
3u2
8
T 2 , (4.2a)
−2αγ = 2Λeff − V (T − E
2
ϕ) +
u2
4
T
(
3
2
T − E2ϕ
)
, (4.2b)
−2(α′B + α2) = 2Λeff − V (T −E
2
r ) +
u2
4
T
(
3
2
T −E2r
)
. (4.2c)
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The analysis of these equations leads to the conclusion that the only interesting config-
uration is the one defined by the azimuthal electric field Eϕ.
ErEϕ 6= 0
In this case, equations (4.1b) and (4.1c) imply
α = 0 , V −
u2
4
T = 0 ,
while (4.2c) yields
Λeff +
(
V
u
)2
= 0 .
Using V = v+up/2 and the identity ap+α3q+α4 = 0, the last relation leads to α3α4−a
2 = 0,
which is in contradiction with the property ∆ 6= 0, adopted in section 2. Hence, our
assumption ErEϕ 6= 0 cannot be true, i.e. at least one of the components Er, Eϕ must
vanish.
Er 6= 0, Eϕ = 0
In this case, there exists only the radial electric field. Equation (4.1a) yields γ = 0, which
implies
K = const. ⇒ Er = const.
Equation (4.2a) determines the value of T = E2r/2. Combining (4.2a) and (4.2c), we obtain
α′ + α2 = −2Λeff −
u2
8
T 2 =: κ2 ,
where the radial coordinate is chosen so that B = 1, for simplicity. The solution of this
equation depends on the sign of κ2.
a) For κ2 > 0, we have N = C cosh κ(r+ r0), where r0 and C are integration constants.
b) For κ2 = 0, we find N = C(r + r0).
c) For κ2 < 0 we find N = C sin |κ|(r + r0).
All of these solutions are characterized by a constant electric field, hence, they are of
no physical interest. As we shall see in the next section, the last case, defined by a sole
azimuthal electric field, leads to a nontrivial dynamical situation.
5 Solution with azimuthal electric field
Since the Maxwell field equations do not impose any restriction on the azimuthal electric
field, it is completely determined by the gravitational field equations.
The non-diagonal gravitational field equations are very simple:
E ′ϕB + 2αEϕ = 0 , E
′
ϕB + 2γEϕ = 0 . (5.1a)
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They imply
α = γ ⇒ N = C1K ,
EϕK
2 = Q2 , (5.1b)
where C1 and Q2 are the integration constants.
In the set of the diagonal field equations (4.2), the first two take the form
−2(γ′B + γ2) = 2Λeff − V T +
3u2
8
T 2 , (5.2a)
−2αγ = 2Λeff + V T −
u2
8
T 2 , (5.2b)
while the third one is equivalent to (5.2a), since α = γ. It is convenient to fix the radial
coordinate by choosing
K = r ⇒ Eϕ =
Q2
r2
, (5.3)
whereupon the field equations take the form
B2 = −Λeff r
2 − V
Q22
4r2
+
u2
64
Q42
r6
, (5.4a)
BB′ = −rΛeff + V
Q22
4r3
−
3u2
64
Q42
r7
. (5.4b)
These two equations are consistent with each other, and they determine B2.
The above expressions for N,B,K and Eϕ represent a complete solution describing the
azimuthal electric field in 3D gravity with torsion, for any value of Λeff . In what follows,
we shall restrict our considerations to the case of negative Λeff ,
Λeff = −
1
ℓ2
,
which corresponds asymptotically to an AdS configuration, suitable for the calculation of
the conserved charges. Using C1 = 1/ℓ, the solution can be written in the form
b0 =
r
ℓ
dt , b1 = B−1dr , b2 = rdϕ ,
ω˜0 = −Bdϕ , ω˜1 = 0 , ω˜2 = −
B
ℓ
dt ,
t0 = −
Q22
4ℓr3
dt , t1 =
3Q22B
4r4
dr , t2 = −
Q22
4r3
dϕ ,
ωi = ω˜i +
1
2
(
pbi + uti
)
, (5.5a)
and
F =
Q2
ℓ
dϕdt . (5.5b)
For Q2 = 0, the solution reduces to the black hole vacuum.
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Conserved charges
A deeper insight into the nature of the exact solution (5.5) is achieved by calculating the
values of its conserved charges.
We start by choosing the asymptotic conditions at spatial infinity so that (i) the fields
bi, ωi and F belong to the family (5.5), parametrized by Q2, and (ii) the corresponding
asymptotic symmetries have well-defined canonical generators.
According to (i), the asymptotic form of the fields reads:
biµ ∼


r
ℓ
0 0
0
ℓ
r
+ V
ℓ3Q22
8r5
0
0 0 r

 ,
ωiµ ∼


pr
2ℓ
−
uQ22
8ℓr3
0 −
r
ℓ
+ V
ℓQ22
8r3
0
pℓ
2r
+
3uQ22
8ℓr3
0
−
r
ℓ2
+ V
Q22
8r3
0
pr
2
−
uQ22
8ℓr3


, (5.6)
F ∼
Q2
ℓ
dϕdt .
Gauge symmetries of the theory are local translations, local Lorentz rotations and local
U(1) transformations, parametrized by ξµ, θi and λ, respectively. The subset of gauge
transformations that respects the adopted asymptotic conditions is defined by the asymptotic
parameters, which have the following form:
ξµ = (ℓT0, 0, S0) , θ
i = (0, 0, 0) , λ = λ(t, r, ϕ) . (5.7)
Here T0 and S0 are constant parameters associated with the rigid time translations and
axial rotations, respectively, while the U(1) parameter λ remains local, since the asymptotic
conditions (5.6) do not restrict its form.
We are now ready to calculate the asymptotic charges by using the standard canoni-
cal approach. Technical details leading to the construction of the canonical generator G
are summarized in appendix C. Since G acts on basic dynamical variables via the Poisson
brackets, it must be differentiable. If this is not the case, the form of G can be improved
by adding a suitable surface term. However, it turns out that under the adopted asymp-
totic conditions (5.6), G is differentiable automatically, without adding any surface term.
Consequently, the canonical charges corresponding to the asymptotic parameters (5.7), the
energy E, the angular momentum M and the electric charge Q of the solution (5.5), vanish:
E = 0 , M = 0 , Q = 0. (5.8)
The vanishing of the electric charge is an expected result, since the azimuthal electric does
not produce the radial flux. The vanishing of E and M can be understood by noting
that the subleading terms in the asymptotic formulas (5.6) are ”too small” to produce
any nontrivial contribution to the corresponding surface integrals (a nontrivial contribution
would be produced by the subleading terms of order r−1).
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Geometric structure
The metric of the solution (5.5) reads:
ds2 =
r2
ℓ2
dt2 −
dr2
r2
ℓ2
− V
Q22
4r2
+
u2
64
Q42
r6
− r2dϕ2 .
In the limit u→ 0, the metric reduces to the form found by Cataldo in GRΛ [15], while for
Q2 = 0, it coincides with the black hole vacuum.
The scalar Cartan curvature is singular at r = 0:
R = −εimnRimn = −6q +
Q22
2r4
.
Let us now show that the above solution is regular in the region r > 0. We begin by
writing B2(r) = f(r4)/r6, where
f(x) :=
x2
ℓ2
− V
Q22
4
x+
u2Q42
64
.
For large r, the function B2 is positive. The coordinate singularities are related to the
existence of zeros of f(x) for some real and positive x. Equation f(x) = 0 has real and
positive roots if the following two conditions are fulfilled:
V 2 −
u2
ℓ2
≥ 0 , V > 0 .
Using the relations
V 2 −
u2
ℓ2
= −
u2
α23
∆ , V ∓
u
ℓ
=
1
24πℓ∆
c∓ ,
where c∓ are classical central charges [7], and recalling that ∆ 6= 0, the above conditions
imply
∆ < 0 ⇔ c−c+ > 0 ,
1
∆
(c− + c+) > 0 ⇒ c− + c+ < 0 .
By combining these relations, one concludes that both central charges have to be negative.
However, the positivity of the BTZ black hole energy, obtained in the supersymmetric 3D
gravity with torsion [6], implies that both c− and c+ are positive. Thus, f(x) has no real
and positive zeros, and consequently, B2(r) > 0 for all r > 0.
For Q2 6= 0, the solution (5.5) is regular in the region r > 0 and does not have the
black hole structure.
Although the central charges c∓ are originally defined by the asymptotic structure of the
AdS sector of spacetime, here, in the presence of the azimuthal electric field, they have a
new dynamical role, embedded in the geometric properties of the solution (5.5). The same
phenomenon is observed also in the solution with self-dual Maxwell field [16].
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6 Concluding remarks
In this paper, we studied exact solutions of the system of electric field coupled to 3D gravity
with torsion.
(1) First, we proved the following theorem: in static and spherically symmetric configu-
rations, the Maxwell field cannot have all three components different from zero.
(2) Motivated by this result, we restricted our consideration to the electric sector of the
theory and found an exact solution with azimuthal electric field. This is the only nontrivial
solution in this sector, and it represents a generalization of the Cataldo solution, found earlier
in Riemannian GRΛ. The values of its energy, angular momentum and electric charge all
vanish, and its geometric structure is strongly influenced by the classical central charges,
associated with the asymptotic AdS structure of spacetime.
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A The field equations
In this appendix, we present some technical details regarding the structure of the field
equations (2.7b).
In Schwarzschild-like coordinate (t, r, ϕ), the form of the static and spherically symmetric
triad field is defined in (3.1). After calculating the Levi-Civita connection,
ω˜0 = −γb2 , ω˜1 = 0 , ω˜2 = −αb0 ,
where α = BN ′/N , γ = BK ′/K, we find the Riemannian curvature:
R˜0 = −(γ
′B + γ2)b1b2 , R˜1 = −αγb
2b0 ,
R˜2 = −(α
′B + α2)b0b1 .
In the next step, we calculate the expressions Bi = εimnt
mbn, Ci = εimnt
mtn and ∇˜ti:
B0 = −ErHb
0b1 +
(
T +H2
)
b1b2 −EϕHb
2b0 ,
B1 = −ErEϕb
0b1 + EϕHb
1b2 +
(
T − E2ϕ
)
b2b0 ,
B2 =
(
T − E2r
)
b0b1 + ErHb
1b2 − ErEϕb
2b0 ,
C0 = ErHT b
0b1 − T
(
3
2
T +H2
)
b1b2 + EϕHT b
2b0 ,
C1 = ErEϕT b
0b1 − EϕHT b
1b2 − T
(
3
2
T −E2ϕ
)
b2b0 ,
C2 = −T
(
3
2
T − E2r
)
b0b1 − ErHT b
1b2 + ErEϕT b
2b0 ,
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∇˜t0 =
(
−
1
2
γE2r +
1
2
EϕE
′
ϕB + αE
2
ϕ −
1
2
αH2
)
b0b1 + ErHαb
1b2 − ErEϕαb
2b0 ,
∇˜t1 = H(E
′
ϕB + αEϕ)b
0b1 − Er(E
′
ϕB + γEϕ)b
1b2 + ErH(γ − α)b
2b0 ,
∇˜t2 = −ErHγb
0b1 +
(
1
2
γE2r +
1
2
EϕE
′
ϕB + γE
2
ϕ +
1
2
αH2
)
b1b2 − EϕHγb
2b0 .
The above results completely determine the Cartan curvature (2.7c), and lead to the
second gravitational field equation in the form (3.6) and (3.7).
B The proof of ErEϕH = 0
In this appendix, we prove the general no-go theorem formulated at the end of section 3.
We begin by assuming ErEϕH 6= 0. Then, the consistency of the first three and the last
three nondiagonal equations in (3.6) is ensured by a single relation:
E ′ϕB + Eϕ(α + γ) = 0 ⇒ EϕNK = C1 , (B.1)
where C1 is a constant. With (B.1), the set of equations (3.6) reduces to:
V ErH −
u2
4
ErHT = u
(
−
1
2
γE2r +
1
2
αE2ϕ −
1
2
γE2ϕ −
1
2
αH2
)
,
V EϕH −
u2
4
EϕHT = −uErEϕα ,
V ErEϕ −
u2
4
ErEϕT = −uEϕHγ , (B.2)
The consistency of these equations implies:
αE2r = γH
2 , (γ − α)T = 0 , (B.3)
which yields either α = γ or T = 0. Now, we use this result to explore the diagonal
equations (3.7).
(a) If α = γ, then we have Er = ǫH , ǫ = ±1, equations (B.2) and (3.7b) yield
V −
u2
4
T = −ǫuα , Λeff +
(
ǫα−
uT
4
)2
= 0 ,
and consequently,
Λeff +
(
V
u
)2
= 0 . (B.4)
This relation leads to α3α4 − a
2 = 0, in contradiction with the assumption ∆ 6= 0, adopted
in section 2. Thus, α = γ is not allowed.
(b) If T = 0, equations (B.2) imply
V H = −uErα , V Er = −uHγ ,
leading to V 2 = u2αγ. Then, (3.7b) reduces to αγ = −Λeff , and we obtain again (B.4), so
that T = 0 is also not allowed.
This completes the proof that the configuration ErEϕH 6= 0 can not be realized dynam-
ically, which is exactly the content of the no-go theorem.
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C Canonical generator
In this appendix, we construct the canonical generator of gauge transformations.
Starting with the Lagrangian variables (biµ, ω
i
µ, Aµ) and the related canonical momenta
(πiµ,Π
i
µ, π
µ), we find the following primary constraints:
φi
0 := πi
0 ≈ 0 , φi
α := πi
α − α4ε
0αβbiβ ≈ 0 ,
Φi
0 := Πi
0 ≈ 0 , Φi
α := Πi
α − ε0αβ (2abiβ + α3ωiβ) ≈ 0 ,
φ := π0 ≈ 0 ,
The canonical Hamiltonian is linear in unphysical variables, as expected:
Hc = b
i
0Hi + ω
i
0Ki − A0∂απ
α + ∂αD
α ,
Hi = −ε
0αβ
(
aRiαβ + α4Tiαβ − Λεijkb
j
αb
k
β −
1
2
Θiαβ
)
,
Ki = −ε
0αβ
(
aTiαβ + α3Riαβ + α4εijkb
j
αb
k
β
)
,
Dα = ε0αβ
[
ωi0 (2abiβ + α3ωiβ) + α4b
i
0biβ
]
+ A0π
α .
Going over to the total Hamiltonian,
HT = Hc + u
i
µφi
µ + viµΦi
µ + wπ0 ,
we find that the consistency conditions of the primary constraints πi
0, Πi
0 and π0 yield the
secondary constraints:
Hi ≈ 0 , Ki ≈ 0 , ∂απ
α ≈ 0 .
The consistency of the additional primary constraints φi
α and Φi
α, leads to the deter-
mination of the multipliers uiα and v
i
α, resulting in the final form of the total Hamiltonian:
HT = HˆT + ∂αDˆ
α ,
HˆT = b
i
0Hˆi + ω
i
0Kˆi − A0∂απ
α + ui0πi
0 + vi0Πi
0 + wπ0 ,
where
Hˆi = Hi −∇βφi
β + εijkb
j
β
(
pφkβ + qΦkβ
)
+ (uφjβ − vΦjβ)
1
2
Θjiβ ,
Kˆi = Ki −∇βΦi
β − εijkb
j
βφ
kβ ,
Dˆα = Dα + bn0πn
α + ωn0Πn
α .
The consistency conditions of the secondary constraints are identically satisfied, and the
Hamiltonian consistency procedure is thereby completed.
Regarding the classification of constraints, we note that (πi
0,Πi
0, π0) and (Hˆi, Kˆi, ∂απ
α)
are first class, while (φi
α,Φi
α) are second class.
Using the well-established Castellani procedure [15], we obtain the canonical generator:
G = −G1 −G2 −G3 ,
G1 := ξ˙
ρ
(
biρπi
0 + ωiρΠi
0 + π0Aρ
)
+ξρ
[
biρHˆi + ω
i
ρKˆi + (∂ρb
i
0)πi
0 + (∂ρω
i
0)Π
i
0 + (∂ρA0)π
0
]
,
G2 := θ˙iΠi
0 + θi
[
Kˆi − εijk
(
bj0π
k0 + ωj0Π
k0
)]
,
G3 := λ˙π
0 − λ∂απ
α ,
13
where the integration symbol
∫
d2x is omitted for simplicity. The action of G on the fields
is defined by the Poisson bracket operation, δ¯φ := {φ,G}. As one can verify, δ¯φ coincides
with the combination of Poincare´ plus U(1) gauge transformations on shell.
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